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A complete classification of 2-arc-transitive representations of primitive or bi-primitive
groups of fourth-power-free order is given. The list consists of the following graphs: Kn,
Kn,n−nK2,Kr,r with r an odd prime, Peterson graphO2, incidence and non-incidence graphs
HD(11, 5, 2) and HD(11, 6, 2) of the Hadamard design on 11 points, some explicit coset
graphs of two-dimensional projective groups PSL(2, pl)with 1 ≤ l ≤ 2 and of Janko simple
group J1, and the standard double cover of these coset graphs. Moreover, a classification of
primitive permutation groups of fourth-power-free order is given.
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1. Introduction
For a graph Γ , let V (Γ ), E(Γ ), and A(Γ ) be its vertex set, edge set and arc set, respectively. For a vertex v, let Γ (v) be the
set of vertices adjacent to v. If s is a positive integer, an s-arc of Γ is a sequence (v0, v1, . . . , vs) of vertices such that vi−1, vi
are adjacent for 1 ≤ i ≤ s and vi−1 6= vi+1 for 1 ≤ i ≤ s− 1. A graph Γ is called (G, s)-arc-transitive, where G ≤ Aut(Γ ) is
a group of automorphisms of Γ , if G is transitive on the set of s-arcs of Γ . In particular, Γ is simply called s-arc-transitive if
it is (Aut(Γ ), s)-arc-transitive.
The study of s-arc-transitive graphs is rooted in a remarkable result of Tutte [19], where it was proved that there exists
no s-arc-transitive cubic graph with s ≥ 6. Using the classification of finite simple groups, Tutte’s result was extended by
Weiss [20] by showing that there is no 8-arc-transitive graph of arbitrary valency. Since then, the study of s-arc-transitive
graphs with 1 ≤ s ≤ 7 has been one of the most important topics in algebraic graph theory.
A result in [12] shows that s-arc-transitive Cayley graphs with s ≥ 2 are rare. Some special classes of 2-arc-transitive
graphs have been determined: the class of primitive and bi-primitive affine 2-arc-transitive graphs is classified in [9]; the
class of 2-arc-transitive circulants is classified in [1]; the class of 2-arc-transitive dihedrants is classified in [14,5]; and the
class of 2-arc-transitive abelian Cayley graphs is classified in [13]. For more results, refer to [7,11,15].
A group G is called fourth-power-free order or cube-free order, if there is no prime p such that p4 or p3 divides the order
of G, respectively. The purpose of this paper is to classify 2-arc-transitive representations of primitive or bi-primitive groups
of fourth-power-free order, and as a by-product, a classification of primitive permutation groups of fourth-power-free order
is obtained.
There are some typical examples of 2-arc-transitive graphs: Cn (the cycle of length n); Kn (the complete graph with n
vertices); Kn,n (the complete bi-partite graph of valency n); Kn,n − nK2 (the graph deleted a 1-factor nK2 from Kn,n).
It is known that arc-transitive graphsmay be reconstructed by amethod obtained by Sabidussi [18], described as follows.
For a group G, if H is a core-free subgroup of G (that is, ∩g∈G Hg = 1), and g is an 2-element of G such that g2 ∈ H , and
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Table 1
.
G Conditions H k
1 J1 PSL(2, 11) 11, 12
2 PSL(2, p) p ≡ ±23(mod 48) S4 4
3 p ≡ ±3(mod 8) A4 4
4 p ≡ ±1,±9(mod 40) A5 5
5 p ≡ ±1(mod 20) A5 6
6 PSL(2, p2) p ≡ ±3(mod 10) A5 5
7 p ≡ ±3(mod 10) A5 6
8 p ≡ ±5,±11(mod 24) S4 4
〈H, g〉 = G, then the graph Γ := cos(G,H,HgH), called coset graph, with
VΓ = {Hx|x ∈ G}, AΓ = {(Hx,Hy)|yx−1 ∈ HgH}
is a connected G-arc-transitive graph of valency |H:H ∩ Hg |. Conversely, each arc-transitive graph is isomorphic to a coset
graph. Further, the graph cos(G,H,HgH) is (G, 2)-arc-transitive if and only if H acts 2-transitively on [H:H ∩ Hg ] by right
multiplication.
The main result of this paper is the following theorem.
Theorem 1.1. Let Γ be a connected (G, 2)-arc-transitive graph of valency k ≥ 3, where G ≤ AutΓ is primitive or bi-primitive
of fourth-power-free order. Then one of the following holds.
(i) G is primitive, and Γ = Kn, O2 (the Peterson graph), or cos(G,H,HgH) and one of the rows of Table 1 holds.
(ii) G is bi-primitive, and Γ = Kn,n − nK2, Kr,r with r an odd prime, HD(11, 5, 2), HD(11, 6, 2), or Γ is the standard double
cover of the coset graphs cos(G,H,HgH) of Table 1.
2. Primitive permutation groups of fourth-power-free order
We first recall some group-theoretic results. The first is the well-known Odd-Order Theorem, see [6].
Theorem 2.1. Groups with odd order are soluble.
Proposition 2.2 ([17]). Groups with a cyclic Sylow 2-subgroup are soluble.
The next two propositions classify simple groups with dihedral Sylow 2-subgroups and abelian Sylow 2-subgroups,
respectively. Refer to [8, Theorem, p. 18] and [8, Theorem 4.126].
Proposition 2.3. If T is a simple group with dihedral Sylow 2-subgroups, then T = A7, or PSL(2, q) with q odd and q > 3.
Proposition 2.4. If T is a nonabelian simple group with abelian Sylow 2-subgroups, then one of the following holds:
(i) T = J1;
(ii) T =2 G2(3n) with n odd and n ≥ 3;
(iii) T = PSL(2, q) with q ≡ ±3(mod 8);
(iv) T = PSL(2, 2n) with n ≥ 2.
The subgroups of PSL(2, q) are determined in [4, Section 239].
Proposition 2.5. Let G = PSL(2, q) with q = pn, and let H be a subgroup of G. Then one of the following holds:
(i) H ≤ D2(q+1)/k, or D2(q−1)/k, where k = (2, q− 1).
(ii) H ≤ Znp:Z(pn−1)/k.
(iii) H = A4, S4, or A5.
(iv) H = PSL(2, pm), or PGL(2, pm) with m|n.
Further,
(v) G contains a subgroup isomorphic to A5 if and only if 5|q(q2 − 1).
(vi) G contains a subgroup isomorphic to S4 if and only if 16|(q2 − 1).
(vii) G contains a subgroup isomorphic to A4 if and only if p 6= 2, or p = 2 and n is even.
(viii) G contains a subgroup isomorphic to PSL(2, pm) if and only if m|n, and G contains a subgroup isomorphic to PGL(2, pm) if
and only if 2m|n.
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For a groupG, the socle ofG, denoted by soc(G), is the product of its allminimal normal subgroups. According the structure
and action of the socle, the well-known O’Nan-Scott Theorem classifies primitive permutation groups into eight types,
see [16]. The following lemma determines the O’Nan-Scott types of primitive permutation groups of fourth-power-free
order.
Lemma 2.6. Let G be a primitive permutation group of fourth-power-free order. Then G is affine or almost simple.
Proof. Let N = soc(G). Then N = T d, where T is a simple group and d ≥ 1. If G is not affine, then T is nonabelian. Since a
square-free group is metacyclic, and then soluble, it follows that d = 1, that is, G is almost simple. 
The next lemma is easy to prove.
Lemma 2.7. If x ≡ a(mod pk) with p a prime, then xp ≡ ap(mod pk+1).
Using Lemma 2.7, we may prove a number-theoretic result as following.
Lemma 2.8. If 1 ≤ l ≤ 3, then the solutions of equation x2l ≡ 1(mod 32) are x ≡ ±1(mod 16/(2, l)).
Proof. Using Lemma 2.7 with p = 2, it is easy to check directly that the lemma is true when l = 1 or 2. Further, as
x6 − 1 = (x2 − 1)(x4 + x2 + 1) and (x4 + x2 + 1) is odd, it follows that equations x2 ≡ 1(mod 32) and x6 ≡ 1(mod 32)
have same solutions, so the lemma is true in case l = 3. 
The next lemma classifies nonabelian simple groups of fourth-power-free order.
Lemma 2.9. A group T is a simple group of fourth-power-free order if and only if either
(i) T = Zp, A5, A7, J1, PSL(2, 8), or
(ii) T = PSL(2, pl), where p is odd, 1 ≤ l ≤ 3, pl − 1 and pl + 1 are fourth-power-free, and p 6≡ ±1(mod 16/(2, l)).
Proof. Suppose T is nonabelian. Let P be a Sylow 2-subgroup of T . By Odd-Order Theorem and Proposition 2.2, |P| = 4 or
8, and P is not cyclic. So all possible candidates of P are:
Z22,Z
3
2,Z4 × Z2,D8.
Further, by Propositions 2.3 and 2.4, T lies in the following:
J1, A7, 2G2(3n), PSL(2, q),
where q is a prime power, and n ≥ 3.
Since |J1| = 23 · 3 · 5 · 7 · 11 · 19, |A7| = 23 · 32 · 5 · 7, both J1 and A7 are examples of T . Note |2 G2(3n)| ≡ 0(mod 39) for
n ≥ 3, so T =2 G2(3n) is not the case.
For PSL(2, q), if q is even, then q = 4 or 8, and T = A5 or PSL(2, 8). Thus assume now q = pl is odd. Then 1 ≤ l ≤ 3,
pl − 1 and pl + 1 are fourth-power-free, and p2l 6≡ 1(mod 32), by Lemma 2.8, part (ii) holds. 
Now, we give a classification of fourth-power-free primitive permutation groups.
Theorem 2.10. Let G be a fourth-power-free primitive permutation group onΩ . Let u ∈ Ω . Then either
(1) Zdp C G = Zdp.H ≤ AGL(d, p), where 1 ≤ d ≤ 3, p4−d - |H|, and H normalizes no nontrivial subgroup of Zdp, or
(2) G is almost simple, and one of the following holds:
(i) G = A5.O, and Gu = A4.O,D10.O, or S3.O, where O ≤ Z2.
(ii) G = A7, and Gu = A6, PSL(2, 7), S5, or (A4 × 3):2.
(iii) G = J1, and Gu = 23:7:3, 19:6, 11:10,D10 × D6, 7:6, A5 × 2 or PSL(2, 11).
(iv) G = PSL(2, 8).O, and Gu = 23:7.O,D18.O, or D14.O, where O ≤ Z3.
(v) G = PSL(2, pl).O, where O ≤ Z2.Zl, l = 1, or 3, and p is an odd prime such that pl > 5, pl − 1 and pl + 1 are
fourth-power-free, and Gu is a maximal subgroup of G.
(vi) G = PSL(2, p2), where p ≡ ±3(mod 8), p− 1 and p+ 1 are fourth-power-free, and Gu is a maximal subgroup of G.
Proof. By Lemma 2.6, G is affine or almost simple. If G is affine, then part (1) holds. Thus assume G is almost simple. Then
T := soc(G) is a nonabelian simple group as in Lemma 2.9, and T C G ≤ T .Out(T ). Note that the permittivity of G forces
that Gu is a maximal subgroup of G. By [3] and Proposition 2.5, one may prove part (2) by checking orders directly of all
candidates of G. 
Remark 2.1. (i) Case (2)(i) also occurs in case (2)(v) when p = 5 and l = 1, so we may assume p 6= 5 when discussing
groups in case (2)(v) with l = 1.
(ii) In case (2)(v), if Tu = A5, and p 6= 5, then l = 1. Since if l = 3, it follows A5 ⊂ PSL(2, p) ⊂ PSL(2, p3), which is
impossible as G is primitive.
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(iii) In case (2)(v), if Tu = S4, then l = 1. Since if l = 3, it follows S4 ⊂ PSL(2, p) ⊂ PSL(2, p3), which contradicts the
permittivity of G.
Theorem 2.10 has the following corollary which classifies the primitive permutation groups of cube-free order.
Corollary 2.11. Let G be a cube-free primitive permutation group onΩ , and u ∈ Ω . Then either
(1) Zdp C G = Zdp.H ≤ AGL(d, p), where 1 ≤ d ≤ 2, p3−d - |H|, and H normalizes no nontrivial subgroup of Zdp, or
(2) G = PSL(2, p), Gu lies in {A4,Dp+1,Dp−1,Zp:Z(p−1)/2}, where p ≥ 5, p+ 1, p− 1 are cube-free, and p ≡ ±3(mod 8).
3. Proof of Theorem 1.1
General speaking, using coset graph to characterize 2-arc-transitive graphs admitting a given group, both the key and
difficult point are of finding an 2-element g (or proving no existence of g) satisfying the conditions describe in Section 1.
The following lemma gives an easy-checking condition (see following Condition 1) to guarantee the 2-arc-transitivity of the
graph.
Theorem 3.1. Let Γ be a connected (G, 2)-arc-transitive graph with valency at least 3, where G ≤ AutΓ is primitive on the
vertex set V . Then there exist a core-free maximal subgroup H of G, and amaximal subgroup L of H with index at least 3 satisfying
the following condition.
Condition 1. The normalizer NG(L) has a subgroupM 6⊆ H such that M ∼= L.Z2 and the action of H on [H:L] by rightmultiplication
is 2-transitive.
In particular,Γ = cos(G,H,HgH), where g ∈ M\H. Conversely, if G is a finite groupwhich has a core-freemaximal subgroup
H, and H has a maximal subgroup L satisfying Condition 1, then the coset graph cos(G,H,HgH) with g ∈ M \ H is a connected
(G, 2)-arc-transitive graph with valency |H:L|.
Proof. Let u ∈ V and H = Gu. By [18], there exists an 2-element g such that Γ = cos(G,H,HgH) and g2 ∈ H . Let
L = H ∩ Hg . Then H acts 2-transitively on [H:L] by right multiplication, and L is maximal in H with val(Γ ) = |H:L| ≥ 3.
Further, as Lg = Hg ∩Hg2 = Hg ∩H = L, g ∈ NG(L). Note g 6∈ L and g2 ∈ L, it followsM := 〈L, g〉 = L.Z2 6⊆ H is a subgroup
of NG(L).
For the converse, take g ∈ M \ L, then g ∈ NG(L), and L ⊆ H ∩ Hg . If H ∩ Hg = H , then g normalizes H , and
H ⊆ 〈H, g〉 = H.Z2 ⊆ G, so G = H.Z2 since H is maximal in G, which is impossible as |G:H| = |V | ≥ 4. Hence by
maximality of L inH , L = H∩Hg . Now, it is easily shown that cos(G,H,HgH) is a connected (G, 2)-arc-transitive graphwith
valency |H:L|. 
Let Γ be a connected (G, 2)-arc-transitive graph of valency at least 3, and let V be its vertex set, where G ≤ Aut(Γ ) is
primitive of fourth-power-free order. Then G is affine or almost simple as in Theorem 2.10. Let T = soc(G). Then T is the
unique minimal normal subgroup of G.
For convenience, in this section, we always suppose Γ = cos(G,Gu,GugGu), where u ∈ V . Let v = ug . Then Gu acts
2-transitively on [Gu:Guv] by right multiplication. In particular, Guv is a maximal subgroup of Gu with index ≥ 3. Further,
NG(Guv) has a subgroupM 6⊆ Gu such thatM ∼= Guv.Z2.
For a group X , let |X |2 denote the order of a Sylow 2-group of X . Then Theorem 3.1 has the following corollary.
Corollary 3.2. Suppose G = T .O is almost simple, where O ≤ Out(T ). Then Gu = Tu.O, Guv = Tuv.O, and 2|Tuv|2 divides |T |2.
Proof. Since G is primitive, by Frattini argument, G = GuT . Then
Gu/Tu = Gu/(T ∩ Gu) ∼= GuT/T = G/T ∼= O.
Similarly, since Gu is 2-transitive on Γ (u), we have Tu is transitive on Γ (u) and Gu = TuGuv , where v ∈ Γ (u). So
Guv/Tuv = Guv/(Tu ∩ Guv) ∼= GuvTu/Tu = Gu/Tu ∼= O.
Now, as Tuv.O.Z2 = Guv.Z2 ∼= 〈Guv, g〉 < G = T .O, it follows that 2|Tuv|2 divides |T |2. 
In the following, we treat all possible candidates of G as in Theorem 2.10 item by item.
Lemma 3.3. (1) If T = A5, then Γ = K5, K6, or the Petersen graph O2.
(2) If T = A7, then Γ = K7.
(3) If T = PSL(2, 8), then Γ = K9.
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Proof. (1) Now G = A5 or S5, and Tu = A4, D10, or S3. If Tu = A4, then G is 3-transitive, hence Γ = K5 is (G, 2)-arc-transitive.
If Tu = D10, then S5 is 3-transitive, Γ = K6 is (S5, 2)-arc-transitive. If Tu = S3, then |V | = 10, Tuv = Z2, and val(Γ ) = 3, it
easily follows that Γ = O2 is the Petersen graph, a (S5, 3)-arc-transitive graph.
(2) By Theorem 2.10, G = T , and Gu = A6, PSL(2, 7), S5, or (A4 × 3):2. If Gu = A6, G is 5-transitive, so Γ = K7. If
Gu = PSL(2, 7), then G is 2-transitive, and hence Γ = K15. However, since G = A7 is not 3-transitive on V , which is not the
case.
Assume Gu = S5. Then Guv = S4 or Z5:Z4. For the former, |Guv.2| is not fourth-power-free, which is not possible; for the
latter, G has no subgroupM 6⊆ S5 such thatM ∼= (Z5:Z4).Z2, so no graph appears.
Suppose Gu = (A4 × 3):2. Then GΓ (u)u is 2-transitive of affine type, so GΓ (u)u = Z23:Z2 or Z22:Z2, and val(Γ ) = 9 or 4,
respectively. It then follows Guv ∼= Z2 is transitive on Γ (u) \ {u}, which is impossible as |Γ (u) \ {u}| = 8 or 3.
(3) Now G = PSL(2, 8) or PSL(2, 8).Z3 = PΓ L(2, 8), and Tu = 23:7, D18, or D14. For the former, G is 3-transitive, thus
Γ = K9 is (G, 2)-arc-transitive. Since D14.O has no 2-transitive permutation representation, Tu = D14 is not the case.
Finally, if Tu = D18, then Tuv = D6, and Gu = D6.Owith O ≤ Z3, since G has no subgroup that is isomorphic to Guv.2, which
is impossible. 
The next lemma treats the case where T is the Janko simple group J1. Recently, the number of locally (J1, s)-arc-transitive
graphs is determined [10].
Lemma 3.4. Let T = J1 be the Janko simple group. Then Γ is a (J1, 2)-arc-transitive graph of valency 11 or 12, as in
row 1 of Table 1.
Proof. Then G = T , and Gu lies in Theorem 2.10(2)(iii).
If Gu = A5×Z2, then GΓ (u)u = A5 and Guv = A4×Z2 or D10×Z2. For the former, Guv is self-normalized in G; for the latter,
by [3] (for convenience, the following arguments use this referencewithout furthermention),G has no subgroup isomorphic
to (D10 × Z2).Z2, so no graph arises.
Assume Gu = PSL(2, 11). Then Guv = A5, or Z11:Z5. If Guv = A5, then NG(Guv) = Guv × Z2, there exists an involution
g ∈ G normalizes Guv , and Gu acts on 2-transitively on [Gu:Guv] by right multiplication, hence Γ is a (J1, 2)-arc-transitive
graph of valency 11; if Guv = Z11:Z5, then NG(Guv) = Guv.Z2, so Γ is a (J1, 2)-arc-transitive of valency |Gu : Guv| = 12, as in
row 1 of Table 1.
Finally, assume Gu is soluble. Since 19:6 has no 2-transitive permutation representation, Gu 6= 19:6. If Gu = D6 × D10,
since Guv is not a normal subgroup of Gu, we have Guv ≤ Z22, it then easily follows that |Gu:Guv| is not a prime power, which is
impossible as GΓ (u)u is a 2-transitive affine group. If Gu = 11:10, then Guv = Z10; if Gu = 7:6, then Guv = Z6; if Gu = 23:7:3,
as Z7:Z3 has no 2-transitive permutation representation, Gu ∼= GΓ (u)u is faithful and then Guv = Z7:Z3. In these three cases,
G has no maximal subgroupM 6= Gu which contains a subgroup isomorphic to Guv.2, hence no graph arises. 
Lemma 3.5. Let T = PSL(2, pl) with l = 1, or 3. Then Γ = Kpl+1 is a complete graph, or a graph as in rows 2–5 of Table 1.
Proof. Then Tu lies in {D(pl±1),Zlp:Z(pl−1)/2, A5, A4, S4, PSL(2, p)}, and Gu = Tu.O. We analyze all these candidates of Tu item
by item.
If Tu = Zlp:Z(pl−1)/2, then PGL(2, pl) is 3-transitive on V , so Γ = Kpl+1 is a (PGL(2, pl), 2)-arc-transitive graph.
If Tu = A5, by [2, Theorem 5.3 and Note 2], TΓ (u)u is 2-transitive, so we may suppose G = T . Then Guv = A4 or D10. By
Remark 2.1, either p = 5 and l = 3 or l = 1 and p 6= 5. Suppose first that G = PSL(2, 53). By Proposition 2.5, it is easily
shown that NG(Guv) ⊆ Gu, hence no graph appears. Thus suppose l = 1 and p 6= 5. By Proposition 2.5(v), 5|(p2 − 1), it then
follows p ≡ ±1(mod 5). If Guv = A4, since NG(Guv) contains a subgroup isomorphic to Guv.Z2 if and only if 16|(p2 − 1),
which follows p ≡ ±1(mod 8), and note that p also satisfies p ≡ ±1(mod 5), we summarize p ≡ ±1,±9(mod 40), so by
Theorem 3.1, Γ is (G, 2)-arc-transitive of valency 5 which give rise to the examples as in row 4 of Table 1. If Guv = D10, then
NG(Guv) contains a subgroup isomorphic to Guv.Z2 if and only if 20|(p± 1), so Γ is (G, 2)-arc-transitive and give rise to the
examples as in row 5 of Table 1.
Assume Tu = S4. By Remark 2.1, l = 1, and since PSL(2, p).Z2 is not fourth-power-free, G = PSL(2, p). By
Proposition 2.5(vi), p2 ≡ 1(mod 16), which follows p ≡ ±7(mod 16) (note if p ≡ ±1(mod 16), T is not fourth-power-
free, which is not the case). If Guv = D8, then Guv.Z2 is not fourth-power-free, which is impossible. So Guv = D6. Since
NG(Guv) contains a subgroup isomorphic to Guv.Z2 if and only if 12|(p± 1), and note that p also satisfies p ≡ ±7(mod 16),
we conclude that p ≡ ±23(mod 48), and Γ is (PSL(2, p), 2)-arc-transitive of valency 4, as in row 2 of Table 1.
Suppose Tu = A4. Then Tuv = Z22, or Z3, and p2l 6≡ 1(mod 16), which follows p ≡ ±3(mod 8). If Tuv = Z22, then
NG(Guv) = Gu, which is impossible. If Tuv = Z3, then Tuv is conjugate to a subgroup of D(pl+1) if 3|(pl + 1) or conjugate to a
subgroup of D(pl−1) if 3|(pl−1), we haveNT (Tuv) = D(pl+1) or D(pl−1), respectively. SoNT (Tuv) always contains Tuv.Z2, hence
Γ is a (T , 2)-arc-transitive graph of valency 4, as in row 3 of Table 1.
Suppose Tu = Dpl±1. Then Tuv = D(pl±1)/r , and Guv = D(pl±1)/r .O, where O ≤ Out(T ), and r is a prime and divides pl ± 1.
Since G contains no subgroup which is isomorphic to Guv.2, which is impossible.
Finally, assume Tu = PSL(2, p). Then l = 3. Since all maximal subgroups of Tu are self-normalized in G, no graph
appears. 
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Lemma 3.6. Let T = PSL(2, p2). Then Γ is a graph as in rows 6–8 of Table 1.
Proof. Then G = T , p ≡ ±3(mod 8), and Gu = S4, A5, PGL(2, p) or lies in {Z2p:Z(p2−1)/2,D(p2±1)}. If Gu = Z2p:Z(p2−1)/2,
then T is 2-transitive on V , so Γ = Kp2+1. However, as G = PSL(2, p2) is not 3-transitive, Γ is not (G, 2)-arc-transitive. If
Gu = D(p2±1), then Guv = D(p2±1)/r , where r is a prime and divides pl± 1. Since G contains no subgroup which is isomorphic
to Guv.2, no graph appears.
Assume Gu = S4. Then Guv = D8, or D6. If Tuv = D8, |Guv.2| = 16 is not forth-free, which is not the case. If Tuv = D6, since
NG(Guv) contains a subgroup isomorphic to Tuv.Z2 if and only if 12|(p2 ± 1), which equivalent p ≡ ±1,±5(mod 12), and
note p also satisfies p ≡ ±3(mod 8), we conclude p ≡ ±5,±11(mod 24), and Γ is (G, 2)-arc-transitive of valency 4, as in
row 8 in Table 1.
Assume Gu = A5. We claim p ≡ ±3(mod 10). For if not, then p ≡ ±1(mod 10), so A5 ⊂ PSL(2, p) ⊂ PSL(2, p2), which
is a contradiction. Now, Tuv = A4, or D10. Note that in condition p ≡ ±3(mod 10), G always contains subgroups isomorphic
to Tuv.Z2 in both cases, hence give rise to examples as in row 6 and row 7 of Table 1, respectively.
Suppose Gu = PGL(2, p). Since Gu has a 2-transitive permutation representation, and p ≡ ±3(mod 8), by [2], Guv =
Zp:Z(p−1)/2 or p = 11 and Guv = A5. In both cases, by [4], NG(Guv) ⊆ Gu, hence no graph appears. 
The primitive affine case is treated by next lemma.
Lemma 3.7. Suppose G is primitive of affine type on V . Then Γ = K4, or K8.
Proof. Let N = soc(G). Then N = Zlp is regular on V , where p is a prime and 1 ≤ l ≤ 3, so Γ can be viewed as a Cayley
graph of N , say Γ = Cay(N, S), where S ⊆ N \ {1} and 〈S〉 = N . Since G ≤ NAut(0)(N) = N:Aut(N, S), it follows that
the stabilizer G1 ≤ Aut(N, S). Further, as Γ is (G, 2)-arc-transitive, the group Aut(N, S) is 2-transitive on Γ (1) = S, so all
elements of S are involutions, and then p = 2, and N = Z22, or Z32. For the former, Γ = K4. For the later, |V | = 8. Checking
the classification of affine primitive 2-arc-transitive graphs given in [9, Table 1, p. 422], it is easily follows that Γ = K8 is
the only example that admits an automorphism group of fourth-power-free order. 
Summarize Lemmas 3.3–3.7, the part (i) of Theorem 1.1 is true. Finally, we treat the bi-primitive case.
Lemma 3.8. Suppose G is bi-primitive on V with bi-partition ∆1 and ∆2. Then Γ = Kr,r with r an odd prime, HD(11, 5, 2) or
HD(11, 6, 2), or the standard double cover of an 2-arc-transitive graph lies in Theorem 1.1(i).
Proof. Let G+ = G∆1 = G∆2 . Then G+ acts primitively on∆i, where i = 1, 2. In particular, (G+)∆i is affine or almost simple.
Suppose G+ acts unfaithfully on ∆1. Let Ki be the kernel of G+ acting on ∆i. Note |G : G+| = 2, G = 〈G+, g〉 ∼= G+.Z2
for some g , and it is easily shown that K2 = K g1 , and 〈K1, K2〉 = K1 × K2 C G. Then Ki 6= 1 and Ki acts faithfully on ∆3−i.
Since 1 6= Ki ∼= (Ki)∆3−i C (G+)∆3−i and G+ is affine or almost simple, we conclude Ki ⊇ soc((G+)∆3−i) is transitive on
∆3−i. If soc((G+)∆3−i) is nonabelian, then K1 × K2 is not fourth-power-free, which is not the case. So (G+)∆i is affine and
soc((G+)∆3−i) = Zr for some prime r . In particular, |∆i| = r . Further, as Ki is transitive on∆3−i, it follows that each vertex
in∆i is adjacent to all vertices in∆3−i, that is, Γ = Kr,r is complete bi-partition graph.
Now, suppose G+ acts faithfully on ∆1 and ∆2. Then G+ = (G+)∆i is affine or almost simple. If G+ is affine, then
soc(G+) = Z22, and it easily follows Γ = K4,4 − 4K2. If G+ is almost simple, then (G+,G+α ) lies in Theorem 2.10(2). In
particular, (G+)∆1 is permutation equivalent to (G+)∆2 with the unique exception (G+,G+u ) = (PSL(2, 11), A5).
Assume first (G+,G+u ) = (PSL(2, 11), A5). Let u ∈ ∆1. Then G+u has exactly two orbits on ∆2 with the sizes 5 and 6. It
then follows Γ = HD(11, 5, 2) or HD(11, 6, 2), the Hadamard design on 11 points.
Now, assume (G+,G+u ) 6= (PSL(2, 11), A5). Then (G+)∆1 is permutation equivalent to (G+)∆2 , that is, there exists a
bijection λ from ∆1 to ∆2 such that (ux)λ = (uλ)x, where u ∈ ∆1 and x ∈ G+. In particular, Gu = Guλ . Define a graph Σ
with vertex set∆1, and two vertices u and v are adjacent if and only if λ(u) is adjacent in Γ to v. ThenΣ(u) = Γ (u′), where
u′ = uλ. Since G+u = G+u′ = Gu′ is 2-transitive on Γ (u′) = Σ(u), we conclude that Σ is an (G+, 2)-arc-transitive graph, so
Σ lies in Theorem 1.1(i). Hence to finish the proof, it is sufficient to prove that Γ is the standard double cover ofΣ .
Let Σ˜ be the standard double cover ofΣ . Define a bijection φ from V to V (Σ˜) = ∆1 × {1, 2} as follows: for u ∈ ∆1, let
φ(u) = (u, 1), and for u ∈ ∆2, let φ(u) = (λ−1(u), 2), where λ−1(u) is the preimage of u under the bijection λ. For an edge
{u, v} in Γ , without lose of generality, we may suppose that u ∈ ∆1 and v ∈ ∆2. Then
{u, v} ∈ EΓ ⇐⇒ {u, λ−1(v)} ∈ EΣ
⇐⇒ {(u, 1), (λ−1(v), 2)} ∈ EΣ˜
⇐⇒ {uφ, vφ} ∈ EΣ˜ .
Thus, Γ ∼= Σ˜ is the standard double cover of graphΣ . 
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